DERIVATION of FRESENEL'S EQUATION from YOUNG'S PRINCIPLES

First case - incident light polarized in plane of incidence, displacement perpendicular to plane of incidence.
Let amplitude of displacement at the boundary interface be, f for the incident ray, g for the reflected ray, and & for the
refracted ray.

Energy propogated across cross-section of incident, reflected and refracted beams are proportional to:

Clplle C1p1g2/ Czpzh2
where c,,c,, denote the velocities of light in the respective media, and p,,p, the densities of the aether in the two
media.

The cross-sections of the beams which meet the interface in unit area are: cosi, cosi, cosr respectively.
The principle of conservation of energy therefore gives:
c,p,cosi.f’ =cp,cosig’ +c,p,cosr.h’ (1)
The equation of continuity of displacement at the interface is: f+g=h (2
sin’r ¢ p,
= —= (3)

sin” i _g_p_z
Elliminating ~ in (1) from (2) and substituting (3) we have:

c,0,c08i.f* = ¢ p, cosi.g’ +c,p,cosrf + 3)2

& from Snell’s law:

. 2 .2 2 2
c,p,cosi.f" =¢p, cosi.g” +c,0,co8T.f +C,0,C087.8 +C,0,C081.2 fg

,0, cosi.(f2 —gz) =c,P, cosr.(f2 +g2) +c,p,cosr.2 fg

+C,0, COST.2 fg
clplcosi.(f2 —gz) 0, cosr.(f2 +g2)
= +1
c,p,cosr.2fg c,P,cosr.2fg
subst (3)
sini sin’ 7 cosi (f2 —82) _ P, COS”(f2 +82)+1
sinr sin” i cosr  2fg c,p,cosr.2 fg

sinr.cos (f2 —82) 6P COS”(f2 +82)
sini.cosr  2fg c,p, cosr.2 fg

+1




x2fg
s%ni.’.COSl(fz_g2)=(f2+g2)+2fg

sini.cosr

factorise (fz—gz) & (f2+g2)
smr.COSl(f+g)(f_g)=(f+g)(f+g)—2fg+2fg

tanr _sinr.cosi (f+g)(f+g) (f+g)

sini.cosr

tani_sini.cosr_(f+g)(f—g) (f-¢g)
Fresnel equation 1:
(f - g)sinr.cosi = (f +g)sini.cosr

f.sinr.cosi— g.sinr.cosi = f.sini.cosr + g.sini.cosr
f.sinr.cosi— f.sini.cos r = g.Sini.cOSr + g.sinr.cosi

f(sin 7.COSI —SIni.cos r) = g(sin [.COST +sinr.cos i)

I (sini.cosr +sinr.cosi) _ sin(i +r)

g (sinr.cosi-sini.cosr) sin(r-i)

g _sin(r-i)
[ sin(r+i)
Fresnel equation 2:
(f-g)tanr=(f+g)tani

f.tanr — g.tanr = f.tani+ g.tani

f.tanr — f.tani = g.tani+ g.tanr
f(tanr - tani) = g(tani + tanr)

f_ (tani+ tanr) _ tan(i +r)(1 - tani.tanr)

tan(i+r ) 1-tani.tan r) _ tan(r +i)

g tan(r-i)

o tan(r +i)

¢ (tanr-tani) - tan(r —i)(1+ tanr. tani) _—tan(i—r)(l—tani.tan r) " tan

(

r—i)



from Fresnel equation 1
sin(r - i) sin r.cosi —cos r.sini

sin(r + i) Sin 7.cosi +cosr.sini

Snell’s Law:
n,sini = n, sinr

. oon, .. (4)
sinr = —-sini
n,
subst (4)
noo
. N —=sini.cosi—sini.cosr
sin(r—i) n,
sin(ri) Mo
—Lsini.cosi+sini.cos r
n,
. (n, .
sin i| —-cosi— cosr
n,
.
sin i| ——cosi+ cosr
n,
XN,
sin(r—i) n,cosi-n,cosr (5)
sin(r+i)  n, cosi+n,cosr

sin(r - i) ORI

sin(r +i)

. n] . 2.
N, COSi+n, 4|l —| —sin" i

(6)

(Fresnel equation for polarization perpendicular to incicent plane: s-polarized)



from Fresnel equation 2

tan(r—i) _ sin(r—i) y cos(r+i)
tan(r+i) cos(r—i) sin(r+i)

_ (sinr.cosi —cos r.sini)(cosr.cosi—sin rsini)

(cosrcos [ +sin rsini)(sinr COSI— cosrsini)

sin 7.cos r.cos” i + sinr.cosr.sin*i —cos” rsini.cosi —sin’ r.sin i.cos i

N 2. N . 2. . 2 . . . 2 . N .
sinr.cosr.cos i +Sinr.cosrsin” i +sin” r.8ini.cosi+ cos r.8ini.cosi
sin 7.cos r(cos2 i + sin’ i)— sini.cosi( cos’ r +sin® r)

sinr.cos r(cos2 i+sin®i )+ sin i.cosi(cos2 r +sin’ r)

Sin r.cos r —Sini.cos i

sinr.cos r +sini.cosi

+sini
sinr.cosr .
— —cCoOSi
_ _ sini
sinr.cosr .
——————+CO0SI
sini
Snell’s Law:
n,sini = n, sinr
sinr_n; (7)
sini  n,
subst (7)
n, .
—COST — COSi
n, .
—-COST + COSi
n,
n, COST — N, COSi
XI’L2 =

n,coSr + n, cosi

subst (6)



tan(r — i) .

2
n . . .
1-|—Lsini| —n,cosi
n,

tan( 7+ i) -
n

2

n . . .
1-|—sini| +n,cosi
n,

(Fresnel equation for polarization parallel to incident plane: p-polarized)



